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Quantum gravity corrections to accretion onto a Schwarzschild black hole are considered in the
context of asymptotically safe scenario. The possible positions of the critical points are discussed
and the general conditions for critical points are obtained. The explicit expressions for matter den-
sity compression and temperature profile both below the critical radius and at the event horizon are
derived. For polytropic matter, we determine the corrected temperature and the integrated flux re-
sulting from quantum gravity effects at the event horizon, which might be as a test of asymptotically
safe scenario.
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I. INTRODUCTION
Accretion of matter onto astronomical objects is an important phenomenon of long-standing interest to astrophysi-
cists and the most likely scenario to explain the high energy output from quasars and active galactic nuclei. In the
context of Newtonian gravity, the stationary, spherically symmetric and transonic accretion of adiabatic fluids onto
astrophysical objects was investigated in [1], which generalizes the earlier results which discussed pressure-free gas
being dragged onto a massive central object [2, 3]. Michel considered the steady-state spherical symmetric flow of
matter into or out of a condensed object in the framework of general relativity [4]. Based on Michel’s work, the
problem of the critical points of accretion was examined in [5]. Accretion onto a moving black hole was studied in [6],
onto a charged black hole was investigated in [4, 7], onto a higher dimensional black hole was analyzed in [8–11], onto
a black hole in a string cloud background was considered in [12], onto a Kerr-Newman black hole was dealt with in
[13–15], and onto Schwarzschild-(anti-)de Sitter spacetimes or onto cosmological black holes was examined in [16–18].
The case for general relativistic spherical accretion with and without back-reaction were discussed in [19–23]. It was
shown that accretion of phantom energy onto a black hole induces a gradual decrease of the black hole mass [24, 25].
It was found, however, that the physical black hole mass may instead increase due to the accretion of phantom energy
if using solutions describing black holes in a background Friedmann-Robertson-Walker universe [26].
All the above researches based on the classical theories of gravity which are well known to be perturbatively
nonrenormalizable. However, Weinberg postulated that the effective quantum field theory of gravity might exhibits
asymptotic safety [27], a non-Gaussian fixed point of the renormalization group flow of the couplings of the gravita-
tional theory which controls the behavior of the theory at very high energies and ensures the absence of unphysical
ultraviolet divergences. This interesting idea has been applied to investigate the existence of the UV fixed point in
various theories, such as Einstein gravity, scalar-tensor theory, and f(R) gravity (for reviews see [28–30], and refer-
ences therein). It has been suggested that there is also the possibility of an infrared fixed point in quantum gravity,
which has been explored in cosmology [31–34]. However, the possibility of an IR fixed point in quantum gravity is
still a speculative idea which has yet no direct evidence from any computed β-functions, which is worthy of further
studying.
In this paper, we will analyze quantum gravity corrections to accretion onto black holes in the context of asymp-
totically safe gravity. We will consider steady, spherical accretion onto a static and spherically symmetric black hole.
We will analytically determine the critical point, critical fluid velocity, temperature, the mass accretion rate, and
subsequently observed total integrated flux.
The paper is outlined as follows. In next section, we will present the quantum gravity corrections to accretion
onto black holes and obtain the basic equations for accretion. In Sec. III, we will determine the critical points and
conditions of the accretion. In Sec. IV, we will discuss the polytropic solution and determine the corresponding
quantities. Finally, we will briefly summarize and discuss our results in section V.
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2II. FUNDAMENTAL EQUATIONS
We consider a static and spherically symmetric Schwarzschild black hole. Assuming that the leading quantum
gravity corrections to Schwarzschild black hole metrics are accounted for by replacing Newton’s coupling constant
through a ‘running’ coupling which evolves under the renormalisation group equations for gravity, the renormalisation
group improved Schwarzschild solution can be written as [35]
ds2 =
[
1− 2MG(r)
r
]
dt2 −
[
1− 2MG(r)
r
]−1
dr2 − r2
(
dθ2 + sin2 θdϕ2
)
, (1)
where
G(r) =
G0r
3
r3 + ω¯(r + γG0M)
, (2)
where ω¯ = ω˜G0(= ω˜G0~/c
3), G0 is Newton’s constant, M is the mass of the black hole measured by an observer
at infinity, γ and ω˜ are constants coming from an appropriate cutoff identification and from the non-perturbative
renormalization group theory, respectively. At large distances, the leading correction to Newton’s constant is given by
G(r) = G0 − ω¯G0/r2 +O(1/r3). At small distances, it behaves like G(r) = r3/(γω¯M) +O(r4). Since the qualitative
properties of the solution (1) are insensitive to the precise value of γ for r ≫ G0M , it is usual to choose γ = 0 [35].
Comparison with the standard perturbative quantization of Einstein’s gravity, the precise value of ω˜ is found to be
ω˜ = 167/(30π) [36]. The properties of the solution (1) also do not depend on the precise value of ω as long as it is
strictly positive.
The horizons of the improved solution (1) can be obtained by solving g00 = 0 and are found to be depend on
whether the mass of the black hole is bigger, equal or smaller than a critical value Mcr. For γ = 0, the critical
mass is Mc =
√
ω¯/G0 ≃ 1.33mp with mp the Planck mass. If M > Mc, there are two positive real solutions:
rh± = MG0[1 ±
√
1− ω¯/(G0M)2] satisfying rh+ > rh− for g00 = 0. The outer solution rh+ is the Schwarzschild
horizon with quantum corrections taken into account and can be expanded as
rh+ = 2G0M
[
1− 1
4
ω¯
(G0M)2
]
= 2G0M
[
1− 1
4
ω˜
(mp
M
)2]
, (3)
if the mass of black hole is much bigger than Planck’s mass. There is only one horizon, rh = MG0, if M = Mc, and
there is no horizon if M < Mc.
We consider the steady-state radial inflow of gas onto a black hole described by the improved Schwarzschild metric
(1). The gas is approximated as a perfect fluid specified by the stress energy tensor
Tµν = (µ+ p)uµuν − gµνp, (4)
where µ and p are the total proper energy density and the proper pressure of the fluid correspondingly, uµ = dxµ/ds
is the fluid 4-velocity with uµuµ = 1. We denote the radial component of the 4-velocity as u = dr/ds. Since the
components of velocity for µ > 1 vanish, it is easy to get u0 = [1 − 2MG(r)/r + u2]1/2/[1 − 2MG(r)/r]. Generally,
the total energy density is given by µ = ρ + ε, where ρ is the proper matter density and ε is the internal energy.
The relation between ρ and µ is, dµ/dρ = (µ + p)/ρ + Tρ(ds/dρ), where T is the temperature and s is the specific
entropy [37, 38]. An important physical quantity in the description of the accretion is the speed of sound, which under
isentropic conditions is expressed in terms of the thermodynamic quantities [37, 38]
c2s =
(
∂p
∂µ
)
s
=
µ+ p
ρ
. (5)
The conservation of the mass flux Jµ = ρuµ gives
Jµ;µ = (ρu
µ);µ = 0, (6)
where ; denotes the covariant derivative. For the improved Schwarzschild black hole (1), Eq. (6) can be reformulated
as
d
dr
(ρur2) = 0, (7)
3which for a perfect fluid gives the integration as
ρur2 = C1, (8)
where C1 is a constant of integration. Integrating equation (7) over the spacial volume, we obtain
M˙ = 4πr2uρ, (9)
where M˙ is an integral constant with dimensions of mass per unit time. In fact, this is the improved Bondi’s mass
accretion rate. The mass of a black hole is a dynamic quantity in the context of astrophysics. With the improved
Bondi’s mass accretion rate, we can get the improved observed total integrated flux
Fν =
Lν
4πd2L
, (10)
where Lν = ǫνM˙ is the surface luminosity measured at infinity with ǫν a constant and dL is the luminosity distance
which can be measured. The total flux contribution from all the black hole in the observable universe are obtained
by summing over (10).
Assuming that the in-falling fluid is globally spherically symmetric, the energy-momentum conservation T µν;µ = 0
gives
d
dr
[
(µ+ p)ur2
(
1− 2MG(r)
r
+ u2
)1/2]
= 0, (11)
for the ν = 0 component, which implies that
r2(µ+ p)u
[
1− 2MG(r)
r
+ u2
]1/2
= C2, (12)
where C2 is a constant of integration. For ν = 1, the energy-momentum conservation T
µ
ν;µ = 0 gives
u
du
dr
= −1−
2MG(r)
r + u
2
µ+ p
dp
dr
− MG(r)
r2
+
MG′(r)
r
. (13)
Eqs. (8), (9), and (12) or (13) are fundamental conservation equations for the flow of matter onto the improved
Schwarzschild black hole (1) where the back-reaction of matter is ignored. Dividing and then squaring Eqs. (8) and
(12), we derive improved Bernoulli equation(
µ+ p
ρ
)2 [
1− 2MG(r)
r
+ u2
]
=
(
µ∞ + p∞
ρ∞
)2
. (14)
Differentiating of Eqs. (8) and (14) and eliminating dρ, we obtain
du
u
(
V 2 − u
2
W 2
)
+
dr
r
[
2V 2 − M
W 2
(
G(r)
r
−G′(r)
)]
= 0, (15)
or
du
dr
= −u
r
2V 2 − MW 2
[
G(r)
r −G′(r)
]
V 2 − u2W 2
, (16)
where
G′(r) ≡ dG(r)
dr
=
2G0r
ω¯ + r2
− 2G0r
3
(ω¯ + r2)
2 , (17)
W 2 = 1− 2MG(r)
r
+ u2, (18)
and
V 2 =
d ln(µ+ p)
d ln ρ
− 1. (19)
It is easy to see that V 2 is just equal to the sound speed, c2s = V
2.
If no effects of quantum gravity are taken into accounted, Eqs. (8), (9), (12), (13), and (15) or (16) reduce to the
basic equations for steady spherically symmetric accretion onto Schwarzschild black hole [4].
4III. CRITICAL ACCRETION
If at any point the denominator of the right hand side of the equation (16) vanishes, the corresponding numerator
must also vanish at that point. This point is called the critical point or sonic point of the flow [1, 18, 19]. Only
solutions passing through critical points correspond to material falling or flowing out of the object with monotonically
increasing velocity along the particle trajectory, meaning that the flow is smooth at all points of spacetime. Setting
the denominator and the numerator on the right hand side of the equation (16) to zero, we get the critical point
conditions:
u2∗ =
M
2
[
G(r∗)
r∗
−G′(r∗)
]
=
G0Mr∗(r
2
∗ − ω¯)
2(r2∗ + ω¯)
2
, (20)
and
V 2∗ =
u2∗
W 2(r∗)
=
G0Mr∗
(
ω¯ − r2∗
)
5G0Mω¯r∗ + 3G0Mr3∗ − 2ω¯2 − 4ω¯r2∗ − 2r4∗
, (21)
where the subscript “*” denote values taken at the critical point. Note that we can retrieve the results for accretion
of the fluid onto a Schwarzschild black hole by setting ω¯ = 0 in the above equations [4, 19]. Close to the compact
object the failing fluid can exhibit various behaviors near the critical point of accretion.
A physically acceptable solution of equation (16) exists if u2∗ ≥ 0 and V 2∗ ≥ 0; hence one can easily get
r2∗ − ω¯ ≥ 0, (22)
from u2∗ ≥ 0 and {
r2∗ − ω¯ ≥ 0,
−2r4∗ + 3G0Mr3∗ + 5G0Mω¯r∗ − 2ω¯2 − 4ω¯r2∗ ≤ 0,
(23)
or {
r2∗ − ω¯ ≤ 0,
−2r4∗ + 3G0Mr3∗ + 5G0Mω¯r∗ − 2ω¯2 − 4ω¯r2∗ ≥ 0,
(24)
from V 2∗ ≥ 0. Equation (22) gives r∗ ≥
√
ω¯. Obviously the quantum gravity effects change characteristics of the
critical points. Because equations (24) contradicts with (22), we only need to take into account equations (23) from
which we get roots physically representing the locations of the critical or sonic points of the flow near the black hole.
If we do not consider the quantum gravity effects, equations (23) reduce to the results in [4, 19]. Like quantum gravity
effects, back-reaction of the fluid can also change characteristics of the critical point, for details see [19].
Equations (23) is so complicated that we cannot obtain the solutions accurately. Though we can not solve the
equations (23) analytically, we can roughly know where the roots will be. We firstly discuss equation−2r4∗+3G0Mr3∗ ≤
0. It is easy to find it holds for r∗ ≥ 3MG0/2. Secondly, we consider equation 5G0Mω¯r∗ − 2ω¯2 − 4ω¯r2∗ ≤ 0.
We find that if M ≥ 4√2√ω¯/(5G0) it holds for r∗ ≥ 5MG0[1 +
√
1− 32ω¯/(5MG0)2/]8 or 0 ≤ r∗ ≤ 5MG0[1 −√
1− 32ω¯/(5MG0)2]/8. If M < 4
√
2
√
ω¯/(5G0) it holds for r∗ ≥ 0.
So if 4
√
2
√
ω¯/(5G0) < M ≤ 6
√
ω¯/(5G0), we can conclude that there exists r1 to make equations (23) holds if
r∗ ≥ r1, where r1 satisfies
√
ω¯ ≤ r1 < 3MG0/2, −2r41 + 3G0Mr31 + 5G0Mω¯r1 − 2ω¯2 − 4ω¯r21 = 0, and very close to
3MG0/2.
If M > 6
√
ω¯/(5G0), r1 satisfies 5MG0[1+
√
1− 32ω¯/(5MG0)2]/8 < r1 < 3MG0/2, −2r41+3G0Mr31 +5G0Mω¯r1−
2ω¯2 − 4ω¯r21 = 0, and very close to 3MG0/2.
If M < 4
√
2
√
ω¯/(5G0), there also exists r2 to make equations (23) holds if r∗ ≥ r2, where r2 satisfies
√
ω¯ ≤ r2 <
3MG0/2, −2r42 + 3G0Mr32 + 5G0Mω¯r2 − 2ω¯2 − 4ω¯r22 = 0, and close to 3MG0/2.
Now we can discuss the critical behaviors of the fluid accreting on to the improved Schwarzschild hole. (a) If
M > Mc ≡
√
ω¯/G0, there are two horizons: rh± = MG0[1 ±
√
1− ω¯/(G0M)2], and there exists r∗ satisfying
equations (23) and rh+ > r∗ > rh− or r∗ > rh+; in other words, the critical points may be outside the outer horizon
or may be between the outer and the inter horizon, see for example, for M = 2
√
3
√
ω¯/(3G0), we get rh+ = 3MG0/2,
in this case r∗ can be larger than rh+ or less than rh+. (b) If M = Mc, there is only one horizon: rh = MG0 =
√
ω¯,
and there exists r∗ satisfying equations (23) and r∗ ≥ rh; namely, the critical points is outside the outer horizon.
5IV. THE POLYTROPIC SOLUTION
In this section, we only discuss the case where the critical points are outside the outer horizon of the improved
Schwarzschild hole. We consider quantum corrections to the temperature and the observed total integrated flux which
might be observed. Following Refs. [4], one can introduce the polytrope equation of state
p = Kργ , (25)
where the adiabatic index γ satisfies 1 < γ < 5/3 and K is a constant. The temperature T of the gas can be obtained
from the equation of state of the ideal gas, p = kBρT/(mmp), where kB is the Boltzmann constant, m is the mean
molecular weight, and mp is the mass of the proton. The density and the pressure can be expressed as functions of
temperature, respectively
ρ =
1
Kn
T np , p =
1
Kn
T n+1p , (26)
where n = 1/(γ− 1) and Tp = kBT/(mmp). For constant γ, we have ε+ p = (n+1)p [4]. Using the equation of state
of the ideal gas, equation (19) can be reexpressed as
V 2 =
d ln(µ+ p)
d ln ρ
− 1 = (n+ 1)Tp
n[1 + (n+ 1)Tp]
. (27)
Using this equation, the improved Bernoulli equation (14) can be rewritten as
[1 + (n+ 1)Tp]
2
[
1− 2MG(r)
r
+ u2
]
= [1 + (n+ 1)Tp∞]
2
= C3. (28)
At infinity we expect that Tp∞ is very small and C3 is nearly unity
C3 ≃ 1 + 2(n+ 1)Tp∞. (29)
At the critical points, from equations (21) and (27), we obtain
T∗ =
nu2∗
(n+ 1)(1− 4u2∗ − 2MG′)
≃ n
n+ 1
u2∗. (30)
Furthermore, equations (21), (27), and (28), lead to
C3 ≃ [1− (n− 4)u
2
∗]
2(1 − 3u2∗ − 2MG′)
(1− 4u2∗ − 2MG′)2
≃ 1 + (2n− 3)u2∗ − 2MG′(r∗). (31)
Then we have
T∗ =
2n
2n− 3Tp∞ +
2n
(n+ 1)(2n− 3)MG
′(r∗). (32)
From equations (8) and (26), it is easy to get
T np ur
2 = C4, (33)
where C4 is a constant. So
C4 = T
n
∗ u∗r
2
∗ =
(2n)nG20M
2T
n−3/2
p∞
4[2(n+ 1)]
3
2 (2n− 3)n− 32
[
1 +
2n− 3
2(n+ 1)
MG′(r∗)
Tp∞
]
, (34)
which means that all the constants are determined in terms of Tp∞. As a first approximation, we assume that Tp∞ is
much less than unity, equation (28) immediately gives u(r) ≃
√
2MG(r)/r. Therefore from equation (34), we derive
the temperature and the matter density as, respectively,
Tp =
√
2nT
1−3/2n
p∞
4[2(n+ 1)]
3
2n (2n− 3)1− 32n
(
MG0
r
) 3
2n
[
1 +
2n− 3
2n(n+ 1)
MG′(r∗)
Tp∞
]
, (35)
6ρ(r) =
(√
2n
4K
)n
T
n−3/2
p∞
[2(n+ 1)]
3
2 (2n− 3)n− 32
(
MG0
r
) 3
2
[
1 +
2n− 3
2(n+ 1)
MG′(r∗)
Tp∞
]
, (36)
where the constant K is unknown. In other words, the matter density does not appear explicitly, but can be given
from
ρ(r)
ρ∞
=
(
Tp
Tp∞
)n
. (37)
The improved Bondi accretion rate can be determined by using the critical point
M˙ = 4πr2∗u∗ρ∗ = π
(
2n
K
)n
G20M
2T
n−3/2
p∞
[2(n+ 1)]
3
2 (2n− 3)n− 32
[
1 +
2n− 3
2(n+ 1)
MG′(r∗)
Tp∞
]
, (38)
substituting this equation into (10), we can easily get the improved observed total integrated flux. Compared with
the normal total integrated flux Fν0, the extra integrated flux resulting from quantum gravity is
̥ =
△Fν
Fν0
=
Fν − Fν0
Fν0
=
2n− 3
2(n+ 1)
MG′(r∗)
Tp∞
. (39)
At the event horizon of the black hole, r ≃ 2MG0, the temperature Tph of the gas takes the form
Tph =
√
2nT
1−3/2n
p∞
4[4(n+ 1)]3/2n(2n− 3)1−3/2n
[
1 +
2n− 3
2n(n+ 1)
MG′(r∗)
Tp∞
]
. (40)
For γ = 4/3 (n = 3), the extra integrated flux, the temperature T of the gas at horizon and at critical point take
values, respectively
̥ =
3
8
MG′(r∗)
Tp∞
, (41)
Tph =
√
6
16
T 1/2p∞
[
1 +
1
8
MG′(r∗)
Tp∞
]
, (42)
and
T∗ = 2Tp∞ +
1
2
MG′(r∗). (43)
For r ≫ √ω¯ or equally M ≫ mp, we have ̥ ∼ 0 and the quantum gravity corrections to Tph is also nearly zero, see
for example, taking Tp∞ ∼ 10−9, M ∼ 3M⊙, and r∗ ∼ 3R⊙, we get ̥ ∼ Tph ∼ 10−68 where Tph ≡ (Tph − Tph0)/Tph0
and Tph0 the quantity when quantum gravity effects are not taken into accounted. Only for r ∼
√
ω¯, the quantum
gravity corrections to Fν and Tph are comparable; see for example, taking Tp∞ ∼ 10−9, r∗ ∼ 10
√
ω¯, and M ∼ 5Mc,
we have ̥ ∼ Tph ∼ 106. Quantum gravity correction to T∗ is very small, even near the Planck scale.
We note, however, here we do not take into account the back-reaction of accreting perfect fluid. To discuss the
back-reaction in a full way is notoriously difficult, analytic solutions are discussed in [19, 20, 39–43]. For complicated
cases, perturbative scheme is often adopted [22, 23]. When the black hole is very large, the back-reaction can be
neglected, but if the mass of the black hole reduces to a certain critical value or the mass of the accreting gas exceeds
a certain critical value, the the back-reaction should be taken into account, for details see [19, 20]. In other words,
the self-gravity effects of the in-falling flow might be important [19, 20]. However, if back-reaction of the fluid are
considered, we can still treat the quantum gravity effects as the corrections to the total effects of the accretion and
the back-reaction. This problem worth deeply discussing but is very complicated, it is beyond the scope of this paper,
and we leave it for future investigation.
V. CONCLUSIONS AND DISCUSSIONS
In recent years, asymptotic safety conjure has attracted much attentions and some interesting results have been
found, see, for example, quantum gravity corrections will change the structure of the Schwarzschild black hole [35].
These changes will affect the physical prosse of the black hole, such as the black hole thermodynamics.
7Here we investigated effects of quantum gravity to accretion onto black holes in the context of asymptotically safe
scenario. We considered steady, spherical accretion onto a static and spherically symmetric improved Schwarzschild
black hole. We discussed the possible positions of the critical points and obtained the general conditions for critical
points. We derived the analytic general expressions for the critical fluid velocity. We also found the explicit expressions
for matter density compression and temperature profile both below the critical radius and at the event horizon. For
polytropic matter, we determined the corrected temperature and the integrated flux resulting from quantum gravity
effects at the event horizon, which might be as a test of asymptotically safe scenario.
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